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Abstract

This paper investigates the linear and nonlinear modeling aspects of two distinct types of passive
hydraulic engine mounts. The two mounts considered here within differ by the means in which the
decoupler is used to control the amplitude-dependent behavior of the hydraulic mount. Both of the mounts
decoupler action introduces nonlinearities into the system; however, one mount illustrates parametric-type
behavior. Because one mount exhibits parametric behavior the energy-rate method is used to determine the
stability of the system. The linear and nonlinear models are directly compared with each other in a
frequency domain for each respective mount, and then the nonlinear models are compared directly against
each other to ascertain a comparison between mount designs, again in a frequency domain.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Hydraulic mounts have been used in the automotive industry since the mid-1980s as a means to
provide an adaptive vibration isolation system to meet increasing customer demand for quieter
and smoother riding vehicles [1]. More specifically, the hydraulic mount was introduced to
provide a dual damping mode passive vibration isolator to control high-amplitude, low-frequency
road-induced vibrations and low-amplitude, high-frequency engine-induced vibrations [2]. The
hydraulic mount meets the requirements for a dual damping mode isolator by use of a device

*Corresponding author. Tel.: +17012318303; fax: +17012318913.
E-mail address: reza.n.jazar@ndsu.edu (G.N. Jazar).

0022-460X/$ - see front matter © 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/.jsv.2005.05.008


www.elsevier.com/locate/jsvi

J. Christopherson, G.N. Jazar | Journal of Sound and Vibration 290 (2006) 1040-1070 1041

Nomenclature

cross-sectional area

decoupler disk piston area

equivalent piston area

equivalent rubber damping coefficient
equivalent viscous damping coefficient
effective fluid column mass

upper structure stiffness

volumetric compliance

sum of inverse compliance

fluid chamber pressure

volumetric flow rate

transmitted force

amplitude of transmitted force
dynamic stiffness

phase lag

nondimensional amplitude
dimensional amplitude

excitation amplitude

T W

ST NN

R TS ANITROYAONRE®
3

w excitation frequency

t time

E nonlinear coefficient

A decoupler gap size

s Laplace transformation variable
j complex variable

b4 any integer

U energy

T period of oscillation
Subscripts

i inertia track

d decoupler

fd floating-decoupler

dd direct-decoupler

dyn dynamic

Sys system

atm atmospheric

1,2,3  fluid control volume number

referred to as the decoupler in conjunction with a passage known as the inertia track. In its most
common form the hydraulic mount is as illustrated in Fig. 1, and consists of two fluid-filled
chambers separated by a metallic plate containing the decoupler and inertia track. The decoupler
is simply a disk that floats in the cage provided by the metallic plate, and acts as a mechanical
switch to either allow fluid through or block fluid dependent upon the amplitude of excitation [3].
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Fig. 1. Illustration of a floating-decoupler-type hydraulic mount.
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If the decoupler is closed the fluid is forced to flow through the inertia track due to the relative
motion of the system (motion of the engine and the motion of the vehicle structure), and when the
fluid is forced through the inertia track the overall damping coefficient of the mount increases due
to the highly restricted fluid motion through the channel. However, if the decoupler remains open
the fluid motion between chambers is relatively unrestricted; therefore, the overall damping of
the mount decreases. Hence, this design of engine mount relies upon determining the
appropriate combination of inertia track size and decoupler gap size (see Fig. 1) to control the
mount behavior [4].

An alternative to the aforementioned hydraulic mount is illustrated in Fig. 2 and fixes the
decoupler directly to the engine side of the mount; therefore, the decoupler motion is controlled
directly by the input excitation provided by the engine and vehicle structure. To accommodate the
decoupler in this type mount an extra fluid chamber is introduced and it is from this chamber that
the inertia track exits (see Fig. 2). This additional fluid chamber, labeled the middle chamber,
provides a means by which to ensure activity of the inertia track, as opposed to relying on fluid
pressure differentials to close the decoupler, to provide additional damping from the inertia track.
Therefore, the overall damping of this type of mount is less sensitive to decoupler gap size;
however, the mount becomes increasingly dependent upon the inertia track geometry. This is not
to say that the decoupler gap size and geometry are unimportant, quite the contrary; however, the
inertia track is more prevalent as compared with the previous design. In addition, the decoupler
does provide additional damping to the system when it approaches its cage bounds noting that as
the decoupler moves it forces fluid out and around it (see Fig. 2); therefore, as the decoupler
approaches the cage bounds the fluid resistance associated with it changes as a function of
the decoupler position. This motion provides additional damping and increased nonlinearity to
this type of mount.

This paper is the first of a two part series describing the mathematical modeling and finite
element modeling and results for the two distinct types of passive hydraulic engine mounts

upper
chamber

inertia =

Qd
plat)e/ cage
U bottom rubber

compliance

Fig. 2. Illustration of a direct-decoupler-type hydraulic mount.
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previously discussed. As stated the engine mounts considered in this series utilize two different
means of controlling the amplitude-sensitive behavior of the hydraulic mount. The standard
method of controlling the amplitude-sensitive behavior is through the device of a mechanical
switching device introduced as the floating-decoupler (see Fig. 1). An alternative method is to
directly fix the decoupler to the input of the engine mount (see Fig. 2) thereby directly controlling
the decoupler motion. Both of the aforementioned mounts are currently used in automotive
applications and models of each mount may be seen in Figs. 3 and 4.

Decoupler Upper

Chamber

Inertia Track

Fig. 3. Direct-decoupler hydraulic mount.
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Upper Chamber

Lower Chamber

Inertia Track Decoupler

Fig. 4. Floating-decoupler hydraulic mount.

The passive hydraulic mount has been thoroughly studied by many researchers; however, to
date the decoupler dynamics present several modeling difficulties. Flower was the first to analyze
the dynamic behavior of the hydraulic mount through the use of linear models in which the
decoupler was either always open or always closed [1]. Singh et al. [5] and Kim and Singh [6] have
illustrated the applicability of such modeling techniques for limited frequency domains thereby
introducing the limitation of the linear modeling techniques in that they never consider the true
decoupler switching mechanism. To remedy this piecewise linear models are considered in which
the decoupler is treated as open until the decoupler disk itself reaches the cage bounds which it
then is modeled as being completely closed [3]. The disadvantage of such modeling techniques is
they are discontinuous in nature and provide large nonlinearities which can be difficult to deal
with mathematically. To this end several researchers have used various nonlinear models in which
the decoupler behavior is considered as a continuous function and the possibility for leak flow
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through the decoupler when closed is allowed [2,6-8]. Of the nonlinear models, the simplest model
uses a cubic nonlinear function to alter the resistance to fluid flow through the decoupler [7,8]. In
addition to considering decoupler nonlinearities Geisberger et al. [2] and Adiguna et al. [9] have
used experimental approaches to determine not only the decoupler flow characteristics, but also
the inertia track flow characteristics. Adiguna et al. [9] have also experimentally shown the
possibility of vacuum formation within the hydraulic mount as a source for further nonlinearities.
Some recent research has been devoted to finding methods by which to optimize the design of the
passive-type hydraulic mount by way of using some of the aforementioned nonlinear modeling
techniques. Christopherson and Jazar [4] have proposed and illustrated an optimization routine
based on a rms averaging of the frequency domain behavior of the hydraulic mount that
converges to provide real results [4]. In addition to the analytical modeling approaches utilized by
the aforementioned researchers Shanngguan and Lu [10] have illustrated the applicability of
nonlinear finite elements in conjunction with fluid—structure interaction to the analysis of
hydraulic mounts for use as yet another design tool.

However, in all the aforementioned research no one to the authors’ knowledge has published
significant information regarding direct-decoupler-type passive hydraulic engine mount designs as
illustrated in Figs. 2 and 3 even though such designs are being used in modern automotive
applications. This series of papers addresses the modeling of one such design of an alternative
passive hydraulic mount design even though other passive hydraulic mount designs do exist, this
paper limits itself to a comparison between the two designs previously discussed.

2. Mathematical model
2.1. Linear models

Linear models are first developed to describe the frequency domain behavior of both hydraulic
mounts. These models neglect the decoupler closing action for either mount considering the

decoupler an open path. Figs. 5 and 6 illustrate the lumped parameter models utilized to describe
the floating-decoupler and direct-decoupler-type mounts.

Upper
Chamber

Lower
Chamber

Fig. 5. Lumped parameter model (floating-decoupler).
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Fig. 6. Lumped parameter model (direct-decoupler).

2.1.1. Floating-decoupler mount

Considering the lumped parameter model illustrated in Fig. 5 as two separate control volumes
and allowing the flow through the inertia track and decoupler to be modeled with a constant
velocity field across the cross-section of the channel (plug flow) the flow rate equations for the
decoupler and inertia track may be written as follows:

Qy = Aaxa, (1)

Q; = Aix;. (2)
Again considering the two control volumes illustrated in Fig. 5 the conservation of momentum
and fluid continuity equations may be written as follows:

M y%q+ Byxa = Aa(Py — P2), (3)
M;%; + Bixi = Ai(Py — Py), “4)
Apx = Qy+ Q;+ Ci (P — Pym), (5)
04+ 0; = Co(Py — Pum). (6)

Egs. (1)-(6) fully define the linear model of the floating-decoupler engine mount assuming the
decoupler is constantly open. By combining the aforementioned equations and noting that
atmospheric pressure is approximately constant over time the following system of second order

ordinary equations are realized:
Xd Xa| A, | A

ol

B; 0
0 B

AZK  A44K
A4,k ATK
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where
Ci+ G
cC, ’

To obtain a solution to Eq. (7) the following Laplace transformation will be introduced:

M; 0 Xa(s) A, | Aa
Sk oo )=&{ipo o

Solving Eq. (8) yields the desired frequency domain solutions for the amplitude of the decoupler
and inertia track fluid column positions by allowing s = jw. Therefore, the solutions obtained by
Eq. (8) (see Appendix A) may be expressed in compact notation as follows:

Xd(jw) zd(a)) . Zd(a))
Xio) (=) = [ T zio) [ ©)

Using Fig. 5, an equation may be developed by applying Newton’s second law to the hydraulic
mount to determine the force transmitted as follows:

Using Eq. (9) in conjunction with the continuity equation expressed in Eq. (5), Eq. (10) may be
written as follows:

K= X = X sin(w?).

B; 0
0 B

A2K A AK
A4, K ATK

F 11

r - c (an
By knowing the transmitted force as expressed in Eq. (11) the dynamic stiffness may be expressed
in a real frequency domain by considering the magnitude of the complex function. The phase lag

of the system may also be considered by computing the angle of the complex function as follows:

2 2
K,C\ X +4,(4,X — Agzq — Aiz; A(AiZi + AaZ
_ 1 X +4,(4, aza — Aizi) +(Bo— p(AiZi + AaZaq) 12
CiX X

_ K,C\X + Ay (ApX — Aqza — Aizi) +i <Ber _ Ap(AiZi + AdZd))

Kdyn = |5

(13)

B Xw— ANAiZi + AuZyg)
gy = arctan .

K,C1X + Ay(A,X — Agzq — Ajz;)

2.1.2. Direct-decoupler mount

As with the floating-decoupler mount, the direct-decoupler mount will be analyzed using the
lumped parameter approach illustrated in Fig. 6. There are two significant differences between the
two mounts. First, the direct attachment of the decoupler to the input of the engine mount,
hence the name, and then the inclusion of a third control volume (labeled as the middle
chamber) to allow motion of the decoupler. Regardless of the differences between the two
mounts the process for analysis is similar. First, the flow rate through both the decoupler and
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inertia track is considered.
Q4 = Aaxa, (14)
0, = Aix;. (15)

Next, the fluid momentum and continuity equations may be written based upon the lumped
parameter model illustrated in Fig. 6 as follows:

M54+ Baxqg = Aa(P) — Py), (16)
MX; + Bix; = Ai(P, — P3), (17)
(Ap_AB)x:Qd"i‘Cl(Pl _Patm)a (18)
Qy+ Apx = Q;+ C2 (P> — P3), (19)
0+ Co(Py — P3) = C3(P3 — Pam). (20
Using Egs. (14)—(20) the system of governing linear ordinary equations are written as follows:
AgA; A
Ak - i 2
My 0] (3 Bs 0] (i d Cy | [ x4 Ad <C1 ABK)
0 M,‘ Xl + 0 B,‘ X; + . AdAi A_lz Xi o AiAB v
2 2 2
21
where
K= : + ! + ! x = X sin (w?) (22)
S C G Gy N )

As with the floating-decoupler mount, a Laplace transformation will be introduced to solve Eq.
(21) for the frequency response functions as

AqA; A
PE) G A
[ Ma0 By 0 d C, X a(s) A"<C1 ABK) %
o m| o BT a4 £ Xis) [ Ay ).
oG s

(23)

Solving Eq. (23) yields the desired frequency domain solutions for the amplitude of the decoupler
and inertia track fluid column positions by allowing s = jw. Therefore, the solutions obtained by
Eq. (23) (see Appendix A) may be expressed in compact notation as follows:

Xa(jo) za(w) | | Zalw)
{ Xi(jo) } - { () } ) { Zo) } 4
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Again by the use of Newton’s second law and the lumped parameter model (Fig. 6), the
transmitted force equation may be written as follows:

Fr = K,X(jo) + joB,X(jo) + 4, Py (i) + Ap(Pa(jco) — Py(joo)). (25)

Separating Eq. (25) into real and imaginary components the transmitted force equation may be
written as follows:

Fr=fr+igr, (26)

where
A A ApA;

= (K, + A2K + =L (A4, — 24p) | X + Ay| AgK — =L )z, — ==L 2,

fT < + B +C1( D B)) + d( B C1>Zd C2 Z

A ApA;
gT :Berz_i_Ad(ABK—Fp)Zd— g lZi.
1 2

Then by use of Eq. (26) the dynamic stiffness and phase angle equations may be written as

follows:
2
-y () -, @
¢ = arctan (?—T> (28)
T

The nonlinear equations of motion are developed in essentially the same manner for both
mounts as the linear model. The difficulty and novelty of the nonlinear model for either mount is
describing the decoupler closing event. In the floating-decoupler mount the pressure difference
between chambers forces closing and opening of the decoupler; however, in the direct-decoupler
mount the decoupler action is directly controlled by the input. Several nonlinear models have been
utilized by many researchers [2,6—8] in addition to others using piecewise linear models to describe
decoupler behavior [3]. However, the simplest, yet effective, nonlinear model in the literature is the
model proposed by Jazar and Golnaraghi to model the decoupler with a function which changes
the resistance to fluid flow through the decoupler by noting position and velocity of the fluid
within the decoupler [7,8]. This model also allows existence of the leak flow phenomenon
described by Singh et al. [6].

Kdyn =

X

2.2. Nonlinear models

2

X7 .

Frg = EA—‘éxd, (29)
32

Fdd == prd (30)

Egs. (29) and (30) represent said nonlinear functions for the floating-decoupler and direct-
decoupler mounts, respectively. The primary difference between the two functions is the altering
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of the x7 term in Eq. (29) to x* in Eq. (30) simply because in the direct-decoupler mount the
decoupler motion is controlled directly by the input excitation, not by the fluid motion as with the
floating-decoupler.

2.2.1. Floating-decoupler mount

To determine the nonlinear equations of motion for the floating-decoupler mount the process is
repeated from the linear model with the exception that the momentum equation in Eq. (3). The
required change in this equation is the effect of the decoupler closing described by Eq. (29). With
this change the nonlinear equations of motion may be written as follows:

M; O Xq Xq Xd 1 A, Ay
0 M; Xi + X; + Xi +Ffd{0} =a A, .
(31

Because Eq. (31) is nonlinear an exact solution describing the fluid behavior in the frequency
domain is impossible; therefore, an approximate closed form solution is sought for Eq. (31) by use
of the averaging method. To accomplish such type of solution it becomes necessary to introduce a
series of nondimensional parameters by first transforming the time domain the equations are
expressed in as a function of the primary linear resonant frequency as follows:

B; 0
0 B

A2K A AK
A4, K AFK

A2K
=01 Q= MLd Xa=Ayg, Xi=Ay, x=Ay (32)

By using the nondimensional parameters in Eq. (32) the equations of motion in Eq. (31) may be
written as follows:

., Bi+Eyi / I A {
1 07 L M2 vl ;401 Yol _ A ) 4m,
0 1 Vi B, Vi AiMq  A;Mgy vi [ CiKAy A M >
0 M;Q AqM; A?IMI- @

where

y = Ysin <%)

To make the equations of motion in Eq. (33) suitable for perturbation analysis the following
nondimensional parameters are introduced:

A M, A4, E By B

(0)]
o ‘=i "Tu, TTexa T (34
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Using the nondimensional parameters in Eq. (34) the equations of motion in Eq. (33) may be

expressed as follows:
/ 1 a 1
lateyy O|f¥ R :
a ) Vi C Arla @3 =yyd @ tsinwn).  (39)
i yi m m yl m

107y N
0 1]
It now becomes convenient to introduce a small parameter as to ensure the forcing amplitude and
nonlinearity is small in magnitude

&=d, de=Cd> Sdl'=Ci, &q =e, ngfY, VZ%. (36)

Using the parameters in Eq. (36) the equations of motion in Eq. (35) may be written as follows:
i+ e(da+qva)yy +va+ ev; = egsin (w), (37)

y;/ + gdiy; + vy, + evy; = egvsin (wr). (38)

To utilize the averaging method to determine a solution to Egs. (37) and (38) solutions are
assumed as a truncated Taylor series to describe the primary harmonic solution neglecting any
sub- or super-harmonic components of the solution while assuming the amplitude and phase
terms may be functions of time as

Vg = rqa(7)sin (wr + ¢d(r)), (39)

vy = ri(t)sin (wr + qﬁi(r)). (40)

The derivatives of the solutions expressed in Egs. (39) and (40) can be expressed as follows:

¥, = ra(@yweos (Wt + gy (1)), (41)
Vi =ri@weos (Wt + ¢(1)), (42)
Vi = ry(mweos (Wt 4 ¢,(v)) — ra(@)w(w + ¢y(v)) sin (wr + ¢ (1)), (43)
¥/ = F(epweos (we + () — 1w + ¢() sin (wr + ¢i(0), (44)
where
(2)sin (WT + (1) + ra(D)d4(1) cos (e + py(1)) = 0, (45)

() sin (Wt + ¢(1)) + ri(t)di(t) cos (wr + ¢;(1)) = 0. (46)
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At this point it becomes advantageous to introduce the following parameters

Vg =wt+ ¢y, 47)

Vi =wt+ ¢, (48)

Substitution of Egs. (39)—(44) into the equations of motion given in Eqgs. (37) and (38) and
utilizing the parameters in Eqs. (47) and (48) allows the governing second-order equations given in
Eqgs. (37) and (38) to be written as a system of first-order differential equations that vary slowly
over one period of oscillation (2r) [11] as follows:

1y = —tedarqa —Yegcos (¢4), (49)
radly = Sevrg — ra(w — 1) = Legsin (¢,) + Legr), (50)
r, = —ediri + Yegvcos (¢;), (51)
r, = —Yediri +1egvcos (¢,). (52)

For the solution to the governing equations in Egs. (37) and (38) to be steady-state in nature the
solutions of Eqgs. (49)—(52) cannot vary with time; therefore, the time derivatives in said equations
must vanish. Solving the resulting equations for the trigonometric terms and using the identity
sin” +cos? = 1 vyields the following implicit frequency response functions describing the
nondimensional amplitude of the decoupler and inertia track. Using the said trigonometric
terms also allows description of the phase angle equations for both the decoupler and the inertia
track as follows:

<rd(8(1 —w) + 4ev + 8qrf,)>2 L (@)2 _1 (53)

4eg g

2 2
(e =mmy’ gan)'_, o9

egv gv
_ 2
= arctan (8(1 w):g—d4ev + sqrd> ’ (55)
d

¢, = —arctan (2(W _ml,) — 8v> . (56)

Because the steady-state motion of the solution is nonlinear no explicit frequency domain solution
may be determined. More specifically, because of the possibility for existence of jump
phenomenon-type behavior in nonlinear systems the amplitude of oscillation may not be directly
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expressed as a function of frequency noting that if a jump occurs such a function would be
required to supply two stable solutions and one unstable solution at a specific range of frequency
values. Such behavior cannot be described by a function noting the requirement for a function to
be single-valued; therefore, the frequency response functions must be specified implicitly as in Egs.
(53) and (54) [11].

To proceed with the frequency response analysis the transmitted force equation may be written
similar to the approach for the linear model. The format has been switched to dimensional
variables for ease of description as follows:

fr =KX sin(w) + B.Xwcos (wt) + Ayp sin (w1 + ¢). (57)

Note that the solution being sought after may be expressed by /7 = Frsin(wf + ¢); therefore,
after use of the appropriate identities Eq. (57) may be expressed in the frequency domain as
follows:

Fr= \/X<K,4G1 + B,wG, + Ajp%), (58)

(39)

¢4 = arctan (Ber Ay sin (¢1)>
Sys >

K, X + App, cos (¢;)

where

Gy = K, X 4+ 2A4,p, cos (¢,),

Gy = B. X+ 2A4,p;sin (¢,).
The pressure term in Egs. (58) and (59) may be defined by using the continuity equation given in
Eq. (5) and the frequency response functions given in Egs. (53)—(56).
(0]

- (ApX cos(wt) — (AqRqcos (vt + ¢y) + AiR;cos (wt + ¢;))),  (60)
I

procos (ot + ¢) =

where
Rd = Ard, R,’ = AI",’.

Using the appropriate trigonometric identities in conjunction with Eq. (60) p, and ¢, may be
expressed as follows:

1
Di :F\/ApXHl + AqRyH> + H3, (61)
1

(62)

B Ay R sin (qu) + A;R;sin (d)i)
¢, = arctan (APX — (AaRqcos (¢;) + AiR;cos (¢;))
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where

H| = A,X — 24;R;cos (¢;).
Hy = ARy — 24,X cos (¢,),

Hy = A;R; +2444;R R;cos (g — ;).

Using Eq. (58) the dynamic stiffness equation may be written as follows:

F 1
Kan=2-1 \/ X(K,Gi + BaoGy + 423). (63)

2.2.2. Direct-decoupler mount

The nonlinear model for the direct-decoupler mount can be determined from the linear model,
in the same manner as the nonlinear model for the floating-decoupler mount, simply by adding
the nonlinear decoupler function expressed in Eq. (30) as follows:

AgA;
A2k -
Md 0 )'éd Bd 0 Xd d C2 Xd 1
+ + +F
0 Ml' X, 0 Bl' fCi _AdAi A_12 Xi . 0
G, G
A
Ag| 2L — ApK
d<cl ' > 64
= iy X. (64)
&)

Notice, however, that the nonlinearity introduced by the addition of Fy4 transforms the equations
of motion into a parametric system of equations. Because the system is parametric there is no
guarantee that for all possible mount configurations there exists a periodic solution. To ensure a
periodic response exists the stability of the system must be analyzed. To accomplish a stability
analysis for a system of parametric differential equations the governing equations should be
transformed into a nondimensional form, similar to the process outlined for the floating-
decoupler mount. After transformation of the equations of motion into a nondimensional form
the energy-rate method should be employed [12]. The output of the energy-rate method is the
stability diagram for the system.

To achieve a nondimensional system of equations a nondimensional time format will be
introduced along with nondimensional position variables in a similar manner to that used for the
floating-decoupler mount

A2K
T:Qla QZZMLd, xd:Ayd’ xi:AyiD x:Ay (65)
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Using the parameters in Eq. (65) the equations of motion given in Eq. (64) may be written as
follows:

Bd + Ey2 0 1 . Ai
1 0] (v M,Q Yy AaCK | (yy
+ +
0 1| 0 B || v __AiMy A7 M, Vi
M[.Q Athi C2K AéM,CzK
4,  Ap
A;C K Ay
= A;AgM 4 Vs (66)
AZMCHK

where
wT
- ran(2)
y sin 0

To further simplify the governing equations in Eq. (66) the following nondimensional parameters
are introduced:

w A,‘ Mi f Ap e E C Bd
w= — a=—— m = e =—, = —,
Q’ A, M, Ci KA, M2 T M0
B, Ap 1
_ A5 67
“=ue “Ta4 “TOK 67)

Using the parameters in Eq. (67) the governing equations in Eq. (66) may be written as follows:

1 0 Vi L+ eY?sin’ (wt) 0 v 1 —au ’
“ + / + au azu
01 Yi 0 {; Vi - — Vi

m m
f—ua
=< aou Ysin(wr). (68)
m

To make Eq. (68) suitable for use by the energy-rate method the following terms are introduced:
e=a, edg=1C_; ed;=21{, v=%, eg =17,
eh=aY, e =eY> (69)

Using the parameters in Eq. (69) the final form of the governing equations may be written as
follows:

v+ e(dd + 7y sin’ (wr))y’d +yy — euy; = &(g — h)sin (wr), (70)

y! + edy; — vuy, + evuy; = evhusin (wr). (71)
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To analyze the stability of the system governed by Egs. (70) and (71) it becomes advantageous to
introduce a small term to perturb the steady-state solution as

Ya=DYa + zd; (72)

Yi=Yip+zi (73)

Egs. (72) and (73) illustrate the steady-state solution (y4 and y,y) perturbed by small parameters
z4 and z;. Substitution of these equations into Egs. (70) and (71) yields the following:

Yo+ z + e(dd +7y sin2(wr)) (J’ézo + Zi,) + v+ za— su(yl-o + z,-) = &(g — h)sin (w1), (74)

Vio + 2/ +edi (Vi + 21) — vu(yao + za) + evu(yjo + zi) = evhusin (wr). (75)

Noting that y4 and y;, represent steady-state solutions to Egs. (70) and (71), Egs. (74) and (75)
may be simplified and written as follows:

2+ e(dg +ysin®(we)) 2 + zq — euz; = 0, (76)
z! + ed;z; — vuzy + evuz; = 0. (77)
The energy-rate method may be applied to Egs. (76) and (77) by defining the rate of change of the

total energy of the system [12]. Because this system contains two dof the energy-rate equations
must be determined for each respective dof

U, = —z,(e(dy + ysin®(wr)) 2z, — euz;), (78)
U, = —z;.(gd,z; - vuzd). (79)

To determine whether or not a periodic solution exists for a specific combination of w and 7y the
energy-rate equations given in Eqgs. (78) and (79) are integrated over one period [12].

1 T
Ud, avg = 7/ U;' dr, (80)
0
1 T
Ui ave :T/ U dr, (81)
0
where
2
=—n, wr=1, wy,=~evhu, n, ye V.
nwi + xwz

The results of the integration in Egs. (80) and (81) are illustrated in Figs. 7 and 8.
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Fig. 8. Energy integral surface relating to the inertia track dof.

Figs. 7 and 8 illustrate the energy integral surface that is a direct result of the energy-rate
method. Wherever said integral is less than zero the system exhibits stable behavior. Wherever the
energy integral surface equals zero exactly the system exhibits perfectly periodic behavior, and if
the energy integral surface is positive the system exhibits unstable behavior. Because both surfaces
illustrated in Figs. 7 and 8 lie completely below the zero plane they are everywhere stable for the
combination of parameters investigated. Notice, however, that only two parameters are
investigated while the equations of motion contained several more parameters. The parameters
w and y were utilized as they directly relate to the parametric system behavior whereas any other
parameters do not (see Table 1 for property values).

Knowing the direct-decoupler mount is stable suggests that a periodic-type response is possible,
and assuming that such a solution can be obtained a frequency response should be obtainable for
this mount. With that said the averaging method is applied to the governing equations by
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Table 1

Values for hydraulic mount

Symbol Floating-decoupler Direct-decoupler Unit

A; 5.72E—5 5.72E-5 m?

Ay 2.30E—3 2.30E—3 m?

4, 5.027E—3 5.027E—3 m>

Ap — 3.393E-3 m?

B; 2.90 2.90 N's/m

By, 4.83E—3 4.83E—-3 Ns/m

B, 2000 2000 N's/m

C 4.60E—10 4.60E—10 m’/N

G, 4.60E—8 4.60E—9 m’/N

Cs — 4.60E—8 m’/N

K 2.196E9 2.413E9 N/m’
p 266E3 266E3 N/m

M; 0.37E—2 0.37E—2 kg

M, 2.645E—2 2.645E—2 kg

E 2.9095 2.9095 —

A 1.0E-3 1.0E-3 m

X 1.0E—3 1.0E-3 m

n — 1 —

b4 — 1 —

introducing the following assumed solutions to the steady-state motion:

Ya = aq(t)sin (wt) + by(t) cos (wr), (82)
y; = ai(t) sin (wt) + bi(t) cos (wr). (83)

Using Eqgs. (82) and (83) the time derivatives of the system may be expressed as follows:
V. = w(aq(t) cos (wr) — by(7) sin (wr)), (84)
Vi = w(ai(t) cos (wr) — bi(t) sin (wr)), (85)
Vi = w(dy(z) cos(wr) — by(t) sin (wr) — w(aa(z) sin (wr) + ba(t) cos (wr))), (86)
Vi = w(a(z)cos (wr) — bi(t) sin (wr) — w(a;(z) sin (wr) + b;(t) cos (w1))), (87)

where

d,;(7) sin (wr) + b)y(t) cos (wr) = 0, (88)
() sin (wt) + bi(t) cos (wt) = 0. (89)

The assumed solutions in Egs. (82) and (83) in conjunction with the time derivatives defined in
Eqgs. (84)—(87) are now substituted into Egs. (70) and (71). By using the resulting expressions in
conjunction with Eqs. (88) and (89) a system of first-order differential equations may be obtained.



J. Christopherson, G.N. Jazar | Journal of Sound and Vibration 290 (2006) 1040-1070 1059

Assuming the solution is slowly varying over one period of oscillation the system of equations
may be written as follows:

1

dy = o (4ba (w* — 1) + deub; — eagw(ddy + 7)), (90)

b, = iw (4ch + daq (1 — w?) — ebyw(ddy + 3y) — deua; — 4eg), 1)
d, = % (bi(w* — evu) — ediaw + vuby), (92)

b, = % (a;(evu — w?) — vuay — ed;b;w — chvu). (93)

Noting that for a steady-state solution the time derivatives in Egs. (90)—(93) must be zero;
therefore, after solving for the amplitude terms (ay, b4, a;, b;) the frequency response functions for

the system may be written as follows:
ra =/ + b3, (94)

ri=1\/a*+ b?, (95)

¢, = arctan (Z—j) , (96)

¢; = arctan <@> o7

Egs. (94) and (95) are the frequency response functions for the amplitude of the fluid column
motion and Egs. (96) and (97) define the phase lag for the decoupler and inertia track.

fr =K, Xsin(wf) + B.Xwcos(wt) + App; sin (wf + ¢;)
+ Apw(p, sin (wf + ¢,) — pysin (w1 + ¢))). (98)

As before a solution is sought as f7 = Frsin(w? + ¢); therefore, after using the appropriate
identities the transmitted force may be described in the frequency domain as follows:

Fr= \/ (B, Xw)* — 2B, XS + (K, X)* — 2K, XSs — A3S3 + 2ApA,p,Ss + (Appl)z, (99)

(100)

BXw—-S
¢Sy5=arctan< 29 1),

KX -5,
where

S1 = Ag(p,sin (¢,) — pysin (¢,)) — App; sin (¢),

Sy = Ag(p; cos (¢1) — pycos (¢,)) — App; cos (¢),
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2 2
S3 = 2pp,cos (4)2 - 4)1) —P1— D>

S4 = p,cos (d’z - ¢1) — P
The pressure terms in Egs. (99) and (100) may be expressed as follows:

_ VAqRJ1 + X2,

Py - , (101)
V(ABXVT3 + 245X (Co 4 Co)ls + (AgRoP T3 = 244 ARG R T s + (AR,C3)
P = . (102)
GG
A4R X(Ap—4
¢, = —arctan 454 C08 (d)d)._*— ( £ p) > (103)
Ade Sin (¢d)
Cs + C3)(ApX + A4R — ARC ,-
b, = —arctan | 2T D(ApX + AiRacos (9y)) iCycos () ) (104)
(Cy+ C3)AqRysin (¢,) — AiR;Cssin (¢;)

where

J1 = A4Ry +2X cos (¢,) (Ap — 4,),
Jy = A+ A} — 2434,
J3=C3+2C,C3 + 5,
Js = AqRqc0s (¢,)(Ca+ C3) — A;R;C5cos (¢,),
Js = C3(Cy — C3)cos (g — ;).

Ry =Ary, R, =Ar;.
Using Egs. (99)-(104) the dynamic stiffness equation may be written as follows:
Fr 1
X X

\/ (B.Xw)? — 2B XwS) + (K, X)* — 2K, XS, — 435 + 2ApA,p, Sa + (A1),
(105)

Kdyn =

3. Results

To obtain a good comparison between each mount the parameters describing each mount are
kept constant. Table 1 illustrates the values used for describing each engine mount.

Table 2 illustrates the natural frequencies of the linear models for both engine mounts. From
this table it may be seen that by placing the inertia track in parallel with decoupler decreases the
natural frequencies (floating-decoupler mount) with respect to the direct-decoupler mount in
which the inertia track is in series with the decoupler. In addition, by placing the inertia track in
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parallel with an open decoupler, as in the linear model, the lower natural frequency is practically
zero indicating an almost disconnected state for the degree of freedom corresponding to said
natural frequency. This indicates that the primary means for flow between chambers is through
the decoupler, and the inertia track plays little role in the flow between chambers. Intuitively this
makes sense because the decoupler has a much larger cross-sectional area and damping coefficient
when compared with the inertia track, and therefore should provide the greater flow. However, it
may be seen from Table 2 that by placing the decoupler and inertia track in series (direct-
decoupler mount) forces use of the inertia track; therefore, the resonant frequency corresponding
to the inertia track becomes further from zero indicating an increase in the use of the inertia track.

Figs. 9 and 10 illustrate a comparison between the linear models describing both mounts. Fig. 9
illustrates the force transmitted by each mount across the frequency spectrum whereas Fig. 10
illustrates the system phase lag. Both figures tend to indicate that the direct decoupler mount is
more heavily damped throughout the frequency spectrum, most notably low frequencies, but this
i1s most easily attributed to the lack of decoupler closing action associated with the floating-
decoupler mount.

Fig. 11 illustrates the decoupler flow rate frequency response for the floating-decoupler mount.
The jump phenomenon commonly associated with nonlinear systems is readily apparent in Fig. 11
around the primary resonant frequency [11].

Fig. 12 illustrates the transmitted force predicted by both the linear and nonlinear models for
the floating-decoupler type mount. Here, the nonlinearity of the system induces a “‘frequency

Table 2
Linear model natural frequency comparison

Ji (Hz) /> (Hz)

Floating-decoupler 105.70 7.59E—8
Direct-decoupler 110.57 2.10

5000 ; ' ;
4500} === Floating
4000

3500

FrIN]

25001
20001
1500
1000

500

0 50 100 150 200

Fig. 9. Linear model transmitted force comparison.
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Fig. 11. Decoupler flow rate (floating-decoupler mount).

island” of sorts beyond the maximum resonant frequency. This “island” is illustrated by some
nonlinear systems indicating further existence of unstable solutions. At frequency points where
the island exists the steady-state solution may exist at three separate points where two are stable
solutions and one is unstable, similar to the situation of jump phenomenon.

Fig. 12 also illustrates good agreement below primary resonance between the linear and
nonlinear models. The discrepancy between solutions increases slightly after primary resonance
because of the jump condition associated with the decoupler motion; hence, the appearance of the
frequency island.

Fig. 13 illustrates the dynamic stiffness of the floating-decoupler mount as predicted by both the

linear and nonlinear models. Fig. 14 illustrates the phase lag predicted by both the linear and
nonlinear models.
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Fig. 12. Transmitted force (floating-decoupler mount).
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Fig. 13. Dynamic stiffness (floating-decoupler mount).

Fig. 15 illustrates the decoupler flow rate frequency response for both the linear and nonlinear
models describing the direct-decoupler mount. Here, the additional damping provided by the
addition of the nonlinear function is readily noted by the decreased amplitude near resonance for
the nonlinear model as compared to the linear model.

Fig. 16 illustrates the force transmitted to the base of the direct-decoupler mount as predicted
by both the linear and nonlinear models. Again the linear and nonlinear models agree almost
exactly with the exception of the frequency region surrounding primary resonance (see Table 2).
In this region the additional flow resistance through the closing decoupler provides additional
damping not accounted for in the linear model thereby decreasing the peak amplitude near
resonance (see Fig. 15). In addition, the agreement of the linear and nonlinear models throughout
the frequency domain indicates that the averaging method provided an acceptable solution noting
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Fig. 14. Phase lag (floating-decoupler mount).
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Fig. 15. Decoupler flow rate (direct-decoupler mount).

the linear solution is mathematically exact. However, one point of interest is the accuracy with
which the linear model predicts system behavior throughout the frequency domain.

Fig. 17 illustrates the dynamic stiffness of the direct-decoupler mount again illustrating the
results predicted by both the linear and nonlinear models. Fig. 18 illustrates the overall system
phase lag for the linear and nonlinear models.

Because the nonlinear models consider the effects of the decoupler closing action they most
appropriately model the actual mount behavior; therefore, it is only appropriate that the
nonlinear models for each mount be compared directly as to ascertain information regarding the
benefits of either design.
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Fig. 16. Transmitted force (direct-decoupler mount).
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Fig. 17. Dynamic stiffness (direct-decoupler mount).

Fig. 19 illustrates the flow rate through the decoupler of each mount as predicted by the
nonlinear models. Fig. 20 illustrates the force transmitted by each mount, Fig. 21 illustrates the
dynamic stiffness of each mount, and Fig. 22 illustrates the phase lag for each mount. As
illustrated by Fig. 20 both mounts transmit an approximately equivalent force amplitude to the
chassis of the vehicle throughout the frequency spectrum with the exception of each mounts
respective resonant domains. The direct-decoupler mount exhibits a slight spike in transmissibility
at its primary resonant frequency of ~110 Hz. Whereas the floating-decoupler mount does not
exhibit such a spike in transmissibility. Instead this mount exhibits a frequency island-type
phenomenon at frequencies above 150Hz. Even though both mounts are approximately
equivalent in isolation capabilities across the frequency spectrum the direct-decoupler mount
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Fig. 19. Decoupler flow rate (nonlinear model comparison).

exhibits slightly better isolation characteristics below 25 Hz whereas the floating-decoupler-type
mount exhibits slightly better behavior in frequencies above resonance. This is most likely due to
the manner in which the inertia track and decoupler are laid out. Recall that in the direct-
decoupler design the inertia track and decoupler are in series thereby forcing the inertia track into
service regardless of the frequency or amplitude of excitation; however, the amount of inertia
track activity depends strongly on the amplitude of excitation. In contrast, the floating-decoupler
design places the decoupler and inertia track in parallel thereby allowing the chamber pressure
differences to dictate the behavior of each component. Notice that during low-frequency
excitations the decoupler is typically forced into a closed position thereby leaving the inertia track
as the only means for appreciable equalization of pressure. However, in the direct-decoupler
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Fig. 21. Dynamic stiffness (nonlinear model comparison).

mount the motion of the decoupler actually forces fluid into the inertia track thereby providing
additional damping from not only the inertia track activity but the motion of the decoupler as
well. In the low-frequency region (below ~25 Hz) the additional damping provided by the direct-
decoupler mount improves the transmissibility of the mount. However, the same may not be said
for higher frequencies above resonance in which a lower overall damping coefficient is desired for
reduced transmissibility. In this region the floating-decoupler mount is superior simply because
the decoupler does not typically bottom out and therefore chamber pressure differences are
equalized via the decoupler and the inertia track is basically short-circuited. Fig. 22 illustrates the
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Fig. 22. Phase lag (nonlinear model comparison).

above concept quite well in showing the differences in phase lag between the two mounts in the
aforementioned frequency regions.

4. Conclusions

This paper has investigated the frequency domain behavior of two different designs of passive
hydraulic engine mounts by use of appropriate linear and nonlinear models. A design relying on
fluid pressure changes induced by engine/road excitations to control the amplitude-sensitive
component of the mount was compared with a design that controlled the mount behavior by
directly using the engine/road excitations. When both mount are designed in a similar manner
such that the properties of each mount are constant with respect to one another the isolation
characteristics of either mount are similar; however, each respective mount has its advantages and
disadvantages as compared to one another. The direct-decoupler mount exhibits the lowest
transmissibility in low-frequency domains whereas the floating-decoupler mount behaves better as
excitation frequencies increase. In addition to comparing the performance of the two engine
mounts several mathematical difficulties were investigated. The instabilities of the direct-
decoupler-type mount were investigated using a rather new technique described as the energy-rate
method introduced as an effective method to analyze the stability of the parametric system. In
addition, the nonlinear frequency response solutions for both mounts are validated by direct
comparison to their corresponding linear counterparts and noting the similarity between solutions
in regions sufficiently removed from resonance the nonlinear modeling is considered accurate. The
appearance of jump phenomenon related instabilities in the frequency response of the floating-
decoupler mount is shown to exist, which is consistent with published literature on the subject of
nonlinear modeling of hydraulic mounts. In addition, the existence of a frequency island has been
illustrated in the high-frequency region of operation for the floating-decoupler-type hydraulic
mount.
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Appendix A
A.1. Linear model laplace transformations

A.1.1. Floating-decoupler mount (linear model)
X (s) A, Aq(S°M; + sB; + A;K) — A(A44;K)

=2 , A.l
Xi(s) CiID| | —Aa(A4AiK) + A;(s*M g+ sBy + AGK) -1
where
Mg+ sBy + A2K AqA;K
- AgAK sM; + sB; + AK
A.1.2. Direct-decoupler mount (linear model)
A A?A,A45
Ad<—p—A K> Ssz+SB¢1+A3K 4
a1 | e K e (A2)
Xi(s) [ T DI | A24; (4, AiAg , 5 o[ ’
——[=— 43K M B; + A5K
C <C1 B >+ c (S d+sBg+ Ay )
where
AqA;
s*My + sBy + A2K _ L
D <
- AgA; A2
- éz Mo+ sBi+
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